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Abstract
Continuing our recent argument where we constructed a FNBWW-type
spin-1 boson having opposite relative intrinsic parity to that of the asso-
ciated antiparticle, we now study eigenstates of the Charge Conjugation




) transforms as a (0; j)







) transforms as a (j; 0) spinor





















the well known Wigner matrix involved in the
operation of time reversal) we introduce McLennan-Case type (j; 0) (0; j)























), turn out to have physical signicance and are xed by appropriate
requirements. Explicit construction, and a series of physically relevant prop-
erties, for these spinors are obtained for spin-1=2 and spin-1 culminating in
the construction of a fundamentally new wave equation and introduction of
Dirac-like and Majorana-like quantum elds.





While in the case of gravitation the dynamical role played by space-time symmetries is mani-
fest, the dynamical role played by space-time symmetries for other interactions is not always fully
appreciated. This was recently emphasized in Ref [1]. Consider, as an example, quantum electrody-





for the charged fermion eld 	(x). The demand of covariance under the local gauge transformation,
	(x)! exp (i (x))	(x), introduces a local U(1) interaction via the vector potential A

(x). The




  m 11), of the QED Lagrangian follows directly
from the space-time symmetries and it contains signicant information regarding the dynamical
behavior and kinematical properties, such as relative intrinsic parities of the charged fermions and
antifermions of spin-1=2, of the system.
1
Without this, or similar, kinematical structure we would
not even know how to formulate a principle of local gauge invariance for QED. Like mass and spin,
2
the concept of charge conjugation
3
and the associated notion of antiparticles arises from the
1




  m 11) connected with the space-time
symmetries, the reader may rst refer to Sec. 2.3 of Ryder's book [2], next study Ref. [3], and
nally refer to the text bracketed between Eqs. (1) and (17) of Ref. [4], which provides some of
the missing details of the previous two references. Here is the argument in brief: Refer to Eqs.
(1a) and (1b), and the surrounding denitions, of this essay and set J = =2. Next, note that






















turn out to be of crucial signicance in constructing a eld 	(x) that describes eigenstates of the












) (otherwise physical eigenstates are no longer charge












), the \Ryder-Burgard relation" (see Ref. [2] and footnote
[11]). Next couple the Ryder-Burgard relation with Eqs. (1a) and (1b) to obtain (useful identities:
cosh(  ') = 11 cosh', sinh(  ') =  
b




+   p
p
0




) = 0 :
Introducing  (x)   (p










  m 11) (x) = 0 . This is the Dirac equation for spin-1=2 particles with 

in the
Weyl/Chiral representation. Similarly, one can obtain wave equations and thus a complete kine-
matic structure and the associated dynamical consequences for other Dirac-like (j; 0)(0; j) spinors
 (p

) and quantum elds 	(x). Also see footnote 7.
2
Recall that mass and spin are intimately related with the two Casimir invariants of the Poincare























The positive- and negative-energy solutions associated with the Dirac equation purely at the
kinematical level essentially suce to suggest the concept of Charge Conjugation.
2
Poincare space-time symmetries.
The fact that QED, and presumably QCD, fermions are found in charge eigenstates is deeply
connected with the structure of Dirac's (1=2; 0)  (0; 1=2) representation space. In fact, parity
covariance is built into QED by building the kinematical structure of the theory on the Dirac's
(1=2; 0) (0; 1=2) eld rather than the Weyl's (1=2; 0) or (0; 1=2) eld. From Majorana's work [6]
one knows that Dirac's construct is not the only construct possible for the (1=2; 0) (0; 1=2) quan-
tum eld; moreover, we shall see that there are additional possibilities. An important reformulation
of Majorana's work was undertaken by McLennan and Case [9,10] in 1957. Here we shall extend
the McLennan-Case formulation and generalize it to spin-1 (and higher). While considering spin-1,
a surprising conclusion is reached: Within the framework of the formalism developed in this essay,
there are no self-charge conjugate spinors in the (1; 0) (0; 1) representation space. Fundamentally
new wave equations, non-unitarily connected to Dirac (for spin-1=2) or modied Weinberg equation
(for spin-1), will be presented.
Some of the constructs presented may appear familiar and well known. For example, half of
the type II (1=2; 0)  (0; 1=2) spinors presented below are identical with Majorana spinors (Ref.
[11], p. 20) The remaining half of the type II spinors for spin-1=2, introduced as anti-self charge
conjugate counterparts of Majorana spinors, are needed to obtain a complete set (\complete" in
the mathematical sense). The extension to higher spins is accomplished by recognizing that the










the well known Wigner matrix involved in the operation of time
reversal. To my knowledge, no equation of motion for these spinors in their 2(2j +1)-element form
exists in literature. This fact in my view has prevented the full exploitation, and understanding
of the precise physical content, of a eld theory based on Majorana (and the associated anti-self
charge conjugate spinors) spinors. It is hoped that the fundamentally new wave equation derived
in this work will remedy the existing situation and lead to a deeper understanding of the work
initiated by McLennan and Case.
4
Also the facts that the type II spinors cannot be helicity
eigenspinors, or that their properties are unusual under the operation of parity, or that introducing
gauge interactions via the standard minimal substitution for such particles is impossible, are, to the
best of my knowledge, all new results.
It is hoped that the formalism developed here will provide, if so necessitated by future theoretical
and (or) experimental reasons, a from-the-rst-principle point of departure for the kinematical and
dynamical understanding of neutrinos and photinos. For instance, if the phenomenon of neutrino
oscillations is established then one will be forced to express the weak eigenstates as a linear superpo-
sition of mass eigenstates. In this context the question would arise if the mass eigenstates can have a
description beyond the well known Dirac and Majorana states and on what theoretical/experimental
grounds one will choose the various mass eigenstates in the superposition. Experimental results,
in general, cannot be insensitive to such choices and the P, CP, transformation of the states will
depend on the choices made in the theoretical models.
To establish the setting of the ideas it is perhaps appropriate to orient the discussion by making
4
The Jehle [12] type equations that appear in Refs. [9,10] for spin-1/2 (and its simple generalization
to higher spins) while consistent with our work, are far from being wave equations for the 2(2j+1)-
element (j; 0) (0; j) spinors of type-II introduced in this work. The exact meaning of this remark
will become clear as we proceed.
3
a few brief observations on the subject. It was in 1927 that Wigner introduced the notion of parity
in quantum mechanics [13]. In his celebrated paper of 1939 [5] and his 1962 collaborative work
with Bargmann and Wightman, without reference to any wave equations, Wigner [14] classied
quantum eld theories on the basis of their behavior under continuous space-time symmetries and
the operations of discrete symmetries of Parity, Time Reversal and Charge Conjugation. Since the
transformation properties of quantum mechanical states do not directly invoke a wave equation and
since the operation of Charge Conjugation cannot be determined without exploiting an appropriate
wave equation, a specic connection between the Lorentz group representations and their behavior
under the operations of Parity, Time Reversal and Charge Conjugation had remained essentially
unexplored beyond spin-1=2 . While Weinberg [15] did undertake a general study of this connection
in 1964 for the (j; 0)  (0; j) representation space, various details escaped notice until a recent
publication [3]. In Ref. [3] it was shown that the (1; 0)  (0; 1) representation space is a concrete
realization of a FNBWW (Foldy-Nigam-Bargmann-Wightman-Wigner
5
) type quantum eld theory
in which a boson and its antiboson carry opposite relative intrinsic parities. In Ref. [3] we conned
our attention to particles that are eigenstates of the Charge operator. In this essay, by going beyond
the eigenstates of the Charge operator, I provide a further instance of establishing the kinematical
structure of a eld theory upon the relevant space-time symmetries.
Two Types of (j; 0)  (0; j) Spinors
To dene our conventions and notation, following the 1939 classic work of Wigner [5] we note
that, without reference to any wave equation, the (j; 0) and (0; j) spinors, in the notation of our
earlier work [3], under Lorentz transformations transform as










































refers to the energy-momentum four vector associated with the particle,
of mass m, at rest; and the boost parameter ' is dened as in Eq. (3) of Ref. [3]. The Wigner






























For the (j; 0) representation space B  2
 1
(J   iK) equals zero, and therefore K
(j;0)
=   i J .
Similarly, for the (0; j) representation space A  2
 1
(J + iK) equals zero, and therefore K
(0; j)
=

















) = exp ( J ') : (3)
5
After the publication of Ref. [3], and after much of the present work was already in draft form,
we learned that ideas similar to those of Bargmann, Wightman, and Wigner were put forward
previously and independently by Foldy and Nigam [16,17]. I thank Dr. Zurab K. Silagadze for
bringing Foldy's paper to my attention. Professor Foldy brought Ref. [17] to my attention where,
in essence, Nigam and Foldy constructed a quantum eld theory where a spin-1=2 fermion and its
antifermion have same relative intrinsic parity. It is my pleasure to thank Professors Foldy and
Nigam for conversations and correspondence.
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Here, J are the standard spin-j matrices with J
z
diagonal. Having established our conventions


























and the fact that Wigner's
operator 
[j]































) transforms as a (0; j)













with  and 
0
as eigenvalues of
J . By denition 
[j]

























































































are phase factors that are yet to be xed.
We now begin with a general study of some of the properties of these spinors and quantum
eld theories based on these spinors. The arguments that follow can be made for any spin, but
since spin-1=2 and spin-1 are of special prominence in phenomenological descriptions, we conne
ourselves to these two spins. For spin-1=2 the operation of charge conjugation and parity (\space
inversion"
6







































where K is the operation of complex conjugation, and 11
2
is a 2  2 identity matrix. While this
result is well known, the correct counterpart of results (7) for the (1; 0)(0; 1) representation space
required a careful study. A detailed analysis was recently presented in Ref. [3]; here we simply need












































are unitary (or even linear). This fact, besides others, necessitates
building a quantum eld theory (the so-called \second quantized theory") containing a eld oper-
ator, 	
[j]
(x) expanded in terms of the above spinors. The operation of charge conjugation is then





























However, incorporating such constrained phase factors can be done as needed and we shall choose
#
c
= 0 so as to stay as close as possible to Ramond's [11] discussion on the subject. A further
note of caution is in order. Using the type-I spinors, one may construct a Majorana eld operator
for any spin [19]. In this formalism the eld describes states of a particle that are simultaneously
eigenstates of the Parity operator (with imaginary eigenvalues [7]) and the Charge Conjugation








operators by Nigam and Foldy [17] which reveals that U
s
is in fact a function of the Charge
operator. For self-charge conjugate elds, if one makes the additional assumption that the Charge
operator acting on a self-charge-conjugate state yields zero (an assumption certainly not valid for
charged particles, because then simultaneous eigenstates of the Charge Conjugation operator and










function of the Charge operator with formal and phenomenological consequences.
When one constructs a quantum eld based on the (1; 0)(0; 1) spinors of type I, one nds that
the Fock space operators for charge eigenstates that determine transformation of physical states
under the operation of Charge Conjugation, U
c
[1]
, and Parity, U
s
[1]
, anticommute. This results in
a quantum eld theory of spin-1 bosons where a boson and its anti-boson carry opposite relative
intrinsic parity. For this aspect of the kinematic structure we refer the reader to our recent publi-
cation [3]. In the rest of the paper we conne our attention to spinors of type II, and the quantum
eld theory that is built upon them.
We begin with the question: What physical requirement can x the phase factors  that appear
in the denition of the spinors of Type II ? We do not, at the moment, investigate all possible
physically relevant requirements but conne to the most obvious ones.




















= + i = 
S
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  i = 
A













) are thus seen
to coincide with the McLennan-Case construct [9,10].
For spin-1, on the other hand, the requirement of self/anti-self charge conjugacy cannot be
satised. That is, there does not exist a  that can satisfy the spin-1 counterpart of the requirement
(10). We nd, however, that the requirement of self/anti-self conjugacy under charge conjugation








is the chirality operator for the (1; 0) (0; 1) representation space and reads:
7
7
All explicit expressions for the 2(2j+1)2(2j+1) matrices,  , that appear in this essay are given
in the generalized chiral/Weyl (W) representation. These matrices are related to the generalized



















































































For spin-1=2, the often repeated assertion that a Majorana spinor is a Weyl spinor in four-
component form is somewhat misleading as a simple counting of the degrees of freedom immediately
reveals. For the massive case, there are four (p






























) are negative energy solutions of an appropriate wave equation.
Helicity and Type-II Spinors
For convenience, we dene self/anti-self -conjugacy to be self/anti-self conjugacy under the


























































































are eigenvectors of J 
b
p with






). An inspection of (6) when coupled with
this result implies that the self/anti-self -conjugate spinors cannot be in helicity eigenstates. The





















) are readily seen to be eigenstates of the
operator





















We shall call  a chiral helicity operator and its eigenvalues chiral helicities.
Explicit Construction of (p

) for Spin-1=2 and Spin-1
The general form of the (1=2; 0)  (0; 1=2) and (1; 0)  (0; 1) representation-space (p

) rest








in accordance with their values




) are written down, the (p

) follow by the application
of an appropriate Wigner boost:
(p



























11 + (E + m)
  1
  p 0




















0 11   m
 1

















eigenstates of J 
b
p.
The explicit expressions for the (p

) using the above procedure, and exploiting denition (13)
































































































































































































































It is a noteworthy observation that the helicity operator J 
b
p enters the Wigner boosts (18) and
(19) in a non-trivial fashion. The linearity of the spin-1=2 Dirac equation in @

, and the quadratic
nature of the modied Weinberg equation [15,3], lie in this observation. The specic dierence
arises as a result of j-dependent behavior of (J  p)
n
; n = integer.
8



















respectively, and are to be interpreted as chiral helicities. Similarly for spin-1, the subscripts ", !,







































, for spin-1, in the above expressions and at








) without changing the chiral helicity indices.






) such that for massless
particles, all rest-spinors vanish (because massless particles cannot be at rest);
9
then, rst con-
sidering spin-1=2, an inspection of (p

) given by Eqs. (20a) and (20b) immediately reveals that
for massless particles there exists a kinematical asymmetry for the self/anti-self charge-conjugate











identically vanish. However, this vanishing should not be associated with the norm we have chosen.
The norm simply avoids the unphysical and singular norm of the massless spinors. The physical
origin of this asymmetry lies in the fact that
n




, which appears in the Wigner













, a factor that originates from the requirement of self/anti-self
charge conjugacy, on exploiting the identity (14), which has its origin in the very specic property of







), conspire to yield
n


















which for the massless case vanishes. Similar remarks also apply to spin-1.





























































































































































) enter a given (p
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This is manifest in Tables
















vanish yield a bi-orthonormal set. We shall make these choices in the rest of this paper. In fact,
for convenience, we set #
1
= 0 = #
2




= 0 = 
3
for spin-1. For spin-1, as






























































= 11 ; (24)









































































= 11 : (25)
The construction of the (p

) spinors follows in a parallel fashion.
New Wave Equations for Spin-1=2 and Spin-1: Wave Equation for (p

)
To obtain a wave equation satised by (p

) we must rst generalize the Ryder-Burgard relation.















































































Recall that  (p











where 11 = a (2 j + 1) (2 j + 1) identity matrix.
11
Cf. Equation (26) with the equation in the second line on p. 44 of Ryder's book [2]. The
corrected form of the indicated equation of Ryder was obtained in discussions with Burgard [22]
and can be found in Ref. [3]. In part, the analysis of Ref. [3] yields Dirac-like modied Weinberg
wave equations for (j; 0) (0; j) spinors.
10























with (26) to obtain (after a short string of algebraic manipulations that exploit some already




and are similar in nature to those found in Sec. 2.3 of Ryder's




















) = 0 : (30)
This is the general wave equation satised by arbitrary-spin (p

).







  2m (E + m) 11 
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f(E + m) 11 + pg
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) = 0 ; (31)
and
12
for spin-1 it becomes
 






















f   A
 






) = 0 ; (32)
with
f   A


































form as Poincare tensors. Therefore, the operator that acts on (p

) in Eq. (31) carries only
the indices of the (1=2; 0) (0; 1=2) representation space without the additional structure, which
contains contraction[s] of a Poincare tensor[s] with an energy momentum four vector[s] p

. This
has the consequence that gauge interactions cannot be introduced by replacing the @

by an ap-
propriate gauge-covariant derivative. To understand this result better, let us see what happens to
the spinors of type I and type II under simple phase transformation. First, type I spinors: Under





























), the spinors pick up an overall phase factor e
i(x)
. The demand for covariance of the
associated equation of motion (i.e., Dirac equation) under this phase transformation immediately
introduces a local U(1) gauge interaction. Next, type II spinors (say the (p

























). The transformed (p

), as is readily seen, is no longer a self/anti-
self charge conjugate spinor. These arguments do not rule out the existence of gauge interactions
with the particles under consideration, but point to the fact that the gauge interactions (if present)




is the at space-time metric with diag(1;  1;  1;  1).
Both for spin-1=2 and spin-1, using the symbolic manipulation program DOEMACSYMA, we





















. These results suggest a particle-antiparticle
interpretation. Since the particle-hole picture so useful for fermions cannot be generalized to bosons
(because lling the negative energy sea works for fermions but not for bosons), we shall, following
Hateld [24], interpret negative energy particles (fermions or bosons) propagating backward in time
as antiparticles in accordance with the Stukelberg/Feynman-Wheeler's [25] picture of space-time.
Similar results are obtained for (p

).
For type II spinors, it should be explicitly noted that, unlike the case for type I spinors, the
Charge Conjugation operator does not take the positive (negative) energy solutions into negative
(positive) energy solutions.
Before proceeding further, we make a few brief remarks on the existence of more than one
equation (unconnected by unitary transformations) in a given representation space. As early as
1932 Majorana [8] obtained a relativistic wave equation for spin-1=2 particles (which included a
tower of higher spins also) starting from the demand that all its solutions have positive energy.
Almost four decades later in 1971 Dirac [26] proposed a relativistic wave equation for bosons, which
again allowed only positive-energy solutions and had the property that it described particles that did
not interact electromagnetically (see Dirac's comments on pp. 68-69 in Ref. [27]). The reason that
we obtain an additional wave equation in the (1=2; 0)(0; 1=2) representation space that is dierent
from Dirac's famous equation of 1928 and a new wave equation in the (1 ; 0) (0; 1) representation
space that is dierent from (the modied [3]) Weinberg's wave equation [15,28] of 1964 is that wave
equations are determined by the (physically-motivated) constraints that we impose on its solutions
and transformation properties of the objects in the representation space under consideration. In
general, dierent constraints yield dierent wave equations. Dirac (1971,1972) and Majorana (1932)
imposed the constraint of positive-energy solutions. For the solutions we consider, we imposed the
requirement of the self/anti-self charge conjugacy for spin-1=2 and self/anti-self conjugacy under





for spin-1. Dirac's famous equation of 1928 describes eigenspinors of the
Charge operator.
Some Considerations on Parity
We begin with the study of parity covariance of equations (31) and (32). Dene the operator
that acts on (p














































































) . Here, p
0
is the parity-transformed p

and reads
(E;   p) for p










; such operators are






. This is not
surprising. Just as the operator of parity in the (j; 0)  (0; j) representation space is independent




do not depend on a specic wave equation. Within the context of the logical framework
of the present essay, without this being true we would not even know how to dene self-/anti self
conjugate (j; 0) (0; j) spinors. These remarks should not be interpreted to mean that there may
not arise certain subtle dierences between the operations of P and C in the Fock space [17].
We no longer pursue the subject of CPT covariance any further. A detailed analysis of these
operators, within the context of a Foldy-Nigam-Bargmann-Wightman-Wigner type quantum eld
theory, was recently published in Ref. [3]. To incorporate the Nigam and Foldy considerations in
the work of Ref. [3] one simply follows the details of [17] in a straightforward manner.






















































































































































(P) do not commute. Since S
[1=2]
(C) is not linear, it is possible to




(P); but such a set does not have its




) for spin-1 can however be made into eigenspinors of the Parity operator (without


































The charge conjugation and parity operations in the (j; 0)(0; j) representation space for spin-
1=2 and spin-1 are given by (7) and (8). These are supplemented by the time-reversal operators
[18,3] (within a global phase factor)
S
[1=2]



















However, it should be again recalled that the analysis by Nigam and Foldy reveals that the Parity
operator in the Fock space depends on the Charge operator.
14
This argument was constructed with Christoph Burgard and George Kahrimanis. I thank them
both.
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as physical degrees of freedom then any interaction that induces transitions between the  and 0
degree of freedom would necessarily violate parity, except in the massless case where transitions to
the 0 degree of freedom would be expected to vanish identically on the basis of arguments presented
in the section entitled \Explicit Construction of (p

) for Spin-1=2 and Spin-1 ."
Dirac-Like and Majorana-Like Fields
On setting #
1
= 0 = #
2




= 0 = 
3
for spin-1, as discussed before,
the (p



















etc. (see, e.g., Eqs. (48a) and (48b) below).
Since the set of self/anti-self charge conjugate spinors cannot be made orthonormal without
destroying self/anti-self charge conjugacy, the noted bi-orthonormality suggests that the physical


























Notational Note:  "=  # and   !=! ;  and 
0
can take values S and A, which refer to the
self and anti-self charge conjugacy identifying indices. Consider  = 
0
= S, rst. The lhs of (41)




















































































Next we consider  = 
0



























Finally, by considering  = S and 
0
= A ( or,  = A and 
0















= 0 : (45)
















) that forms a complete set we can now
introduce the quantum eld motivated by reasons surrounding Eq. (9). Two examples follow (in the
phenomenological context one must remain open to other inherent possibilities in the formalism):
14

















































) (in analogy with obtaining the Majorana eld
from the Dirac eld)











































(x) is a self/anti-self -conjugate eld. However, both elds
describe self/anti-self -conjugate states and use of one or the other eld leads to a set of phenomenon
that does not have a complete overlap.
In reference to the parenthetic remark bracketed between Eqs. (45) and (46), we note the











































These identities may be used to incorporate the left- and right-handed chiral helicities in the same



























































) with appropriate phase factors dictated by Eqs.
(48a) and (48b).








) are the only surviving spinors
the massless spin-1=2 eld 
DL
2












In view of the considerations presented above we conclude that the subject of (1; 3) space-time
symmetries and its implications for the kinematic structure of quantum eld theories is still an open
arena. As we have already pointed out, we have not investigated all possible physically relevant
requirements that may be used to x relative phase factors between the (j; 0) and (0; j) spinors.

































Obviously the kinematic structure derived from these spinors, such as the wave equation, the eld
operator, and transformation of the physical states under Parity, Charge Conjugation, and Time
Reversal, would be very dierent from those already discussed. Parity is non-maximally violated
for 0 <  < =2. Of all the possible kinematic structures, which of these are physically realized in
nature depends on what symmetries are respected in Nature and to what extent. Once this ques-
tion is answered by experimental observations, one may proceed to seek an appropriate kinematic
structure to build the interacting theory.
Even though we have not investigated all possible physically relevant requirements that may be
used to x relative phase factors between the (j; 0) and (0; j) spinors our work has been presented
in sucient detail to reduce all such generalizations to conceptually simple and algebraically well
dened exercise. It is hoped that such generalizations will be considered in future as necessitated
by specic problems at hand.
In summary, we argue that constraints imposed by the kinematic structure on the dynamical
aspects of a theory are subtler than the textbook treatment of this subject would indicate. The
kinematic symmetries relevant to the problem determine the underlying kinematic structure on




) transforms as a







) transforms as a (j; 0) spinor (with a similar











) we introduced McLennan-Case type (j; 0) 























out to have physical signicance and are xed by appropriate requirements. Explicit construction,
and a series of physically relevant properties, for these spinors were obtained for spin-1=2 and spin-1
culminating in the construction of a fundamentally new wave equation and introduction of Dirac-like
and Majorana-like quantum elds.
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